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Abstract-Consider the permanence and global asymptotic stability of models governed by the 
following LotkaVolterra-type System: 
?i(t) = xi(t) {pi - airi - airi- (t - ~i~i-1) - bizi (t - ~i,i) - cili+l (t - ~i,i+l)} ) 
t 2 to, 1 5 i 5 n, with initial conditions 
We define so(t) = z,+l(t) E 0 and suppose that &(t), 1 5 i 5 n, are bounded continuous functions 
on [to, $00) and pi, oi, ci > 0, ~i,j 2 0, for all relevant i,j. 
Extending a technique of Saito, Hara and Ma [1] f or n = 2 to the above system for n 2 2, we offer 
sufficient conditions for permanence and global asymptotic stability of the solutions which improve 
the well-known result of Gopalsamy. @ 2003 Elsevier Ltd. All rights reserved. 
Keywords--Permanence, Global asymptotic stability, Lotka-Volterra predator-prey system. 
1. INTRODUCTION 
Recently, Saito, Hara and Ma [l] considered the following symmetrical Lotka-Volterra-type 
predator-prey system with two delays ~1 and 72: 
L+(t) = z(t){?-1 - as(t) - bz(t - 71) - cy(t - Q)}, 
y(t) = Y(Q(T2 - cry(t) + act - 71) - bY(t - 72))7 t 2 0, 
(1.1) 
with initial condition 
z(s) = 4(s) > 0, -71 5 s < 0; 4(O) > 0, 
Y(S) = $(s) 2 0, -72 5 s IO; $49 > 0. 
(1.2) 
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Here Q, b, c, ~1, ~2, ~1, and 7-z are constants with cy > 0, 71 2 0, and 72 2 0, and 4,$ 
are continuous functions. We can take c 2 0, without loss of generality. Assume that (1.1) 
has a positive equilibrium (z*, y*), that is, x* = ((o + b)rl - cr~)/((o + b)2 + c2) > 0 and 
y* = (m-1 + (a+ b)rz)/((a + b)2 + c”) > 0. 
Making the best use of the symmetry of (1.1) and an extended La Salle’s invariance principle, 
Saito, Hara and Ma [l] h ave shown the following nice results. 
(i) System (1.1) with (1.2) is p ermanent for all ~1 2 0 and ~2 > 0 if and only if cy + b > 0 
holds. 
(ii) The positive equilibrium of (1.1) is globally asymptotically stable for all 71 2 0 and r2 > 0 
if and only if v’m 5 (I! holds. 
This improves the well-known sufficient condition lb\ + (cl < a in [a]. Saito (31 also estab- 
lished the necessary and sufficient condition for global stability of a Lotka-Volterra cooperative 
or competition system with delays for n = 2. On the other hand, Xu and Chen [4] have of- 
fered new techniques to obtain sufficient conditions of the permanence and global stability for a 
time-dependent pure-delay-type Lotks-Volterra predator-prey model for three species. 
In this paper, motivated the above results, we consider the permanence and global asymptotic 
stability of models governed by the following LotkaVolterra predator-prey system: 
c&(t) = xi(t) {ri - crixi(t) - uixi-l (t - T+~) - bizi (t - qi) - cizi+l (t - T~,~+~)}, 
t > to, 1 5 i 5 n, with initial conditions 
(1.3) 
xi(t) = h(t) 2 0, t 5 to, and &(to) > 0, 1 < i < 72. (1.4 
We define x0(t) = x,+1(t) = 0 and suppose that &(t), 1 < i < n, are bounded continuous 
functions on [to, +oo) and 
~i,%rC, > 0, ?,j 2 0, for all relevant i, j. (1.5) 
Extending a technique of Saito, Hara and Ma [l] for n = 2 to the above system for n > 2, we 
offer sufficient conditions for permanence and global asymptotic stability of the solutions which 
improve the well-known result of Gopalsamy [2] (cf. [4]). 
The organization of this paper is as follows. In Section 2, we offer two theorems on the 
conditions for the permanence and global asymptotic stability of system (1.3)-(1.5). 
2. CONDITIONS OF PERMANENCE AND 
GLOBAL ASYMPTOTIC STABILITY 
For system (1.3),(1.4), every solution xi(t), 1 5 i 6 n, exists and remains positive for all t 2 to. 
Put 
u+ = max(ai, 0), ai = min(ai, 0), 
bt = max(bi, 0), bi = min(bi, 0). 
(2.1) 
For the permanence of system (1.3)-(1.5), we have the following theorem. 
THEOREM 2.1. For system (1.3)-(1.51, assume 
Then 
ai + b; > 0, lliln. (2.2) 
(2.3) 
where 
ffi Tz 7-i - a, xi-1 
ai + b; ’ 
l<i<n - 
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Moreover, if 
ri > q4-1 + cL$&l + b’& + c&+1, liiSn, (2.5) 
then 
Iit” $f zi (t) 2 zi, lsi<n, - (2.6) 
where x0 = ~0 = %,+I = 0 and 
- 
c& = 
7-i - ai zi-l - z z a+%.-1 - bfz, - cizi+1 2 s 
> 0, l<i<n. - 
Qi (2.7) 
PROOF. We will prove (2.3) by inductions. Put pi = max(ri,i+i, 7i,i, Ti,i+l), 1 5 i < n. 
If for some t 2, to, xl(t) > 21 and xl(t) > zl(t - ri,r), then by assumptions, we have that 
al + b, > 0 and ia(t) 5 q(t){rl - (or+ b;)q(t)} < 0. 
Now, first consider the case that q(t) is eventually decreasing and bounded below by 31. Then, 
limt+oo q(t) exists. Set y = limt,, q(t) - 31 2 0. We will show y = 0. 
Indeed, suppose y > 0. Take any positive constant 77 such that -(cyi + b;)y - b;q < 0. Then, 
there exists & > to such that y 5 q(t) - ~1 5 y + q, for t > Es - ri,i > to, since xl(t) - zr 
eventually decreases to y. Thus, we have that, for t > Ec, 
Integrating from Ee to t, we have lnzi(t)/zi(&) 5 {-(al + bc)y - b,q}(t - Cc), which in turn 
implies limt,oo ln(zr(t)/zr(&)) = --co. Thus, lim t-+mzl(t) = 0, contradicting q(t) > z1 + 
y > 0. 
Hence, we have y = 0. 
Second, suppose that there is a strictly monotone increasing sequence {tp}~xl such that every 
q(t,) is a local maximal of xl(t) for t 2 to and lim,,, q(t,) = limsup,,, xl(t) > 21. 
Then, from (1.3), we can derive that 
which is a contradiction. Thus, in this case, we have that limsup,,, q(t) 5 21. 
On the other hand, if for some t 2 to, xl(t) > zi(t - ri,i) and kl(t) > 0, then q(t) < 
rl/(cq + b,) = ~1. Hence, in any cases, we have lim suptdoo q(t) 5 61. 
For any sufficiently small positive constant E, put 
Then, there is a constant 51 2 & = to such that xl(t) 5 ?;, for any t 2 ii - ?i 2 to. 
Let 2 5 i 5 n and suppose that there exist constants {fj}i=: such that 
Then, similar to the above discussions of i = 1, we have limt+oo xi(t) < 3:. 
On the other hand, if for some t > fi-1, q(t) > rci(t - ri,i) and c&(t) > 0, then q(t) < 
(r-i - a~~z-,)/(oi + bb) = 3:. Thus, we have limsup,,, xi(t) 5 3,‘. 
Since E > 0 is any positive constant, we conclude that limsup,,, q(t) < %i, 1 5 i 5 n. 
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For any sufficiently small positive constant E > 0, fi < z:, 1 5 i 5 n, and hence, there exists 
a constant En 2 in-i such that xi(t) 4 z:, t 2 t;, - ?i >_ to, 1 5 i < n. 
Moreover, assume (2.5). We will prove (2.6) by inductions. 
For the above sufficiently small positive constant E, put 
If for some t 2 to, xl(t) < g;, then kr(t) 2 zr(t){rr - b:Z; -clue, - alzl(t)} > 0. 
Thus, we obtain liminft,oo 21 (t) > ~‘1. Since E is any sufficiently small positive constant, 
we have liminf t-+03~i(t) 1 g1 and for this E > 0, there is a constant tr 2 &, = r&, such that 
xl(t) 2 g;, for t 2 $r - ?i 2 to. 
Let 2 5 i < n and suppose that there exist constants {$}jl: such that 
If for some t 2 &-i, xi(t) < gt, then by the definition of zzt, 
Consider the case that xi(t) is eventually increasing and bounded above by :f. 
Then, similar to the above discussions, we get lim inft-+m zi(t) = :f. 
On the other hand, if for some t > &-i, +(t) < 0, then xi(t) > 6. 
Hence, we have liminf+,zi(t) > cz. S ince E > 0 is any sufficiently small positive constant, 
we have that liminf+, xi(t) 2 gi, 1 5 i 5 n. This completes the proof. I 
Put 
f = max {ra,j 1 Ti,j 2 0, for all relevant i,j} . W3) 
From Theorem 2.1, we get the following results. The proof is an extension of the ideas used 
by Saito, Hara and Ma [l] for n = 2 to n 2 2. 
THEOREM 2.2. For system (1.3)-(1.5), assume (2.5) and suppose that 
a0 = bo = ~0 = al = c, = anil = b,+l = c,+~ = 0 and 
q > a?+1 + bf + cL1 + lai+lbi+ll + 1 i a +lci+ll + la&l + Ibis1 + la+-lci-r( + Jbi-lci-l(, (2.9) 
l<i<n. - 
Then, the positive equilibrium {x~}tr of (1.3) is globally asymptotically stable for any Ta,j > 0, 
for all relevant i, j. 
In particular, if 
ai+ibi+r = -bici, %+1,i = T&i, G,i+1 = Gi+l,z+lr l<i<n-1, and 
(2.10) 
CYi > aR1 + bf + c:-~ + lai+ls+ll + lai--lci--lJr l<i<n, 
then the positive equilibrium {z;}~=~ of (1.3) is globally asymptotically stable for any ~i,i 2 0, 
l<i<n. 
PROOF. We first note that condition (2.9) or (2.10) implies (2.2). 
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Consider a nonnegative Lyapunov-like function v(t) such that, for t 2 to, 
+bi 11, i (xi(s) - x,fJ2 ds f cfq~~, _ 1 1.i (xi(s) - ~1)~ ds}
i + (bi+1~i+1lf I at+lci+ll) /t (xi(s) - ~1)~ ds +Ti.+l,i 
(2.11) 
+ (l&l + Ihcil) 11, i (xi(s) - ~2)~ ds 
+ (lai-IQ-II + ILIG-11) ~~,-, E (xi(s) - xfJ2 ds 11 
One can verify that 
(2.12) 
= { -ai (xi(t) - xf) - ai (Xi-1 (t - 7+-r) - x:-r) - 6i (Xi (t - Ti,i) - xf) 
-ci (Xi+1 (t - Ti,i+1) - x:+,1>} (Xi@) - XT). 
We have that x - 1 - In x 2 0, for any x > 0. By Theorem 2.1, xi(t), 1 5 i 5 n are bounded 
above and below by positive constants for t 2 to. 
Therefore, it follows from (2.3) and (2.6) that for any t > to + 7, 0 5 w(t) < +co. 
Using2a(a+a+b+c)=(a+a+b+c)2-a2-b2-c2- 2ab - 2bc - 2ac + a2, we obtain 
-g [2ai { -cxi (xi(t) - xf) - ai (Xi-1 (t - TQ-1) - x,r-,) - bi (Xi (t - T&i) - x,t) 
i=I 
- ci (Xi+1 (t - Ti,i+1) - x:+1>> (Xi@) - x;) + uf {(Xi-l@) - xl-,)” 
- (xi-l (t - T+~) - x;-~)“} + bf {(xi(t) - x;)~ - (xi (t - T~,J - x:)~} 
+ c: { (xi+l(t> - $+J2 - (Xi+1 (t - G,i+1) - 4+J2}] 
= g [ - {cyi (xi(t) -x,‘) + Ui (Xi-1 (t - T~m-1) - X,r_,) + bi (Xi (t - 7~) -X,') 
i=l 
+ci (xi+1 (t - TQ+~) - x;+~)}” + a; (x&t) - x;ml)” + bf (xi(t) - x;)~ 
+C: (Xi+l(t) -X;+1)2 +2U& (Xi-l(t -T+l) -X;el) (Xi(t-TQ)-Xf) 
+ 2biCi (Xi (t - Ti,i) - X;) (Xi+1 (t - %,a+~) - Xzf+l) 
+ 2U& (Xi-1 (t - Ti,i-l) - X,t-,) (Xi+1 (t - TQ+~) - Xzr,l) - CY; (Xi(t) - Xf)‘] . 
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Thus, by (2.12) and the inequality 2ab 5 a2 + b2, we obtain 
f Ci (%+I (t - ‘&,;+I) - x:+~)}~ - 2 {crf - aR1 - bf - C& 
i=l 
- (lai+lh+ll + I i a +I%-11 + la&J + lb4 -t- lai-lci-ll + Ibi-lci-ll)} (xi(t) - z,*)~ 
5 -6-g (xi(t) - q2 ) 
i=l 
where we use Cy=“=, af(zi-l(t) - CI$.-~)~ = Cy’-, a&l(xi(t) - x:)2, c@, c!(xi+l(t) - z&+1)2 = 
CFE1 cf-l(xi(t) - ~f)~, and by (2.9), 
6 = 1Tj2n {cxf - aft1 - b? - CL1 - (lai+lbi+ll + ( at+lci+ll + JaibiJ + lbicil -- 
+la+lc+ll + (bi-lciml()) > 0. 
Hence, the remaining part of proof is similar to that in [l]. 
In particular, if (2.10) holds, then using the relation 
+bici (xi (t - Ti,i) - zzf) (xi+1 (t - ~i,i+l) - xr+~)} = 0, 
we can similarly prove the conclusion. II 
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